Logarithmic Functions

Basics
We can re-write an exponential function as a logarithmic function

y=c*eox=log.y
This is particularly useful when finding the inverse of an exponential function.
Exponential: y = c*

Inverse: x = ¢¥

Re-write as a log: y = log, x , wherec > 0,c # 1

The log of a number is the exponent to which a base must be raised to get the number.

Ex: log1o 100 = 2 means the base (10) must have an exponent of 2 in order to get 100.

Logs can have different bases, but the most common are 10 and e (2.718...)

logyo x can also be written logx «——— If alog has no base written, the base is 10.

log, x can also be written Inx €+——————— If a log is written In that means the log has

a base of e.
Ex: Write each of the following in log form:
10% = 1000 b) 5* = 625 13 _1
? ) 9(G) =3
log,, 1000 = 3 logs 625 = 4 1
log1==3
58
d) 10~* = 0.0001 1\2 1 fla™ =b
) o (5) =3 '
log1p 0.0001 = —4 1 log, b =m
logi==2
Og%9



Switching between exponential and logarithmic forms can help us solve for unknown variables.

Ex: Solve
a)log,32=>5 b)log, x =3 R N d)logix =2
) Sx ) 84 c) ]ogx (16) = -2 ) g%
5 _ 3
x> =32 4° =x x—2_i 12_
x = V32 X = 64 16 (E) =X
x =2 e -2 i x =1
—J16
x=4
d)3* =729 e) 5* = 1000 f)log; —9 =x
log3 729 = x logs 1000 = x No solution. You cannot take the log of a
Y =6 x = 4.2920 negative number. This would mean:
3*=-9
But there is no possible exponent we can put on
3 to get —9.
Ex: Simplify

a) log, 8 +log, 1024
=3+5
=8

b)log 10 +1og 1000 + logs 125 —log, 1
=14+3+3-0
=7

Ex: Solve for x

log,(x? + 15x) = 2
4? = x? + 15x
16 = x2 + 15x
0=x%2+15x—16
0=((x+16)(x—1)
(x+16)=0 or (x—1)=0

x =—16

or x=1




Laws of Logs

There are a number of rules for logs, similar to our laws of exponents. These help us solve or

manipulate logs.

Why? log.c™ =m

Re-write in exp. form: c¢™ =c¢™

Name Law Example
cl°g&c™ =m and log.c™=m
Why? cloge™m =
410g48 =8
Fundamental Law Re-write in log form:  log. m = log. m g
an
log, 48 =8

Product Law

log.mn =log. m + log. n

logs 7 X 3 =logs 7 + logs 3

Quotient Law

m
log, Pl log.m —log.n

log, 8 X5 =1log, 8 —log, 5

Power Law

log. m" = nlog. m

logg 123 = 3logg 12

1 _log,m
081 = log, ¢ log, 4 logy 4
20
Change of Base Law | Where n is any new base you want, so long as it is logyo 20
the same in the numerator and denominator
(often choose n=10)
Ex: Expand the following:
8 2 23
a) logs (2_12)) b) log,(a“b) c) logs(125a°b*)
5 = log, a? + log, b = logs 125 + logs a? + logs b3
=810g3b—2 = 2log,a +log, b =3+ 2logs a + 3logs b

= 8 (logs 5p — logs b?)
= 8 (log3 5 +logzp — 2logz b)




Ex: Expand log;o(x? — 16) + logo(x + 4)?

=logio(x —4)(x + 4) + 2logo(x + 4)

=logio(x —4) + logio(x + 4) + 2log o(x + 4)

=logio(x —4) + 3log o(x + 4)

Ex: If log, p = 3 and log, r = 1, solve log, (8pr)*®

log,p =3
25=p
p=38

log,7=1 Solog,(8pr)'®
2l =7 = 16log,(8 X 8 X 2)
r=2 = 16log,(128)
=16X%x7
=112

Ex: Express as a single log and simplify

a)log; 12 + log; 2
=log3(12 X 2)
= logs 24

d)log(x? — 4) — 2log(x + 2)
= log(x + 2)(x — 2) — log(x + 2)?
(x+2)(x—2)
(x +2)2
(x+2)(x—2)
T a2 +2)

IR
%12

b) 2log36 — 3log6

e)log, t —3log, 2t + 2log, 3t
= log, t — log,(2t)3 + log, (3t)?
= log, t — log, 8t3 + log, 9t>
t
= log, Fyels log, 9t

9¢3

= loga @

9
= log, 3

c)

log, 12

1

o (12
_Og3<6

= logs 2

)

Change of base
law in reverse!

m_logi/

=logz 12 —log; 6




Simplifying Logs with Different Bases

We can use the change of base law to simplify logs with different bases.

Remember the change of base law:

log,, m

log,, c

where n is any new base you want, so long as it is the same in the numerator and denominator

Ex: Simplify:

a)logs x +log,, x

= (logs x) (1 + %)

= (log;z x) (g)

4
= 3 (logs x)

b) logs x + logg x

=1 +10
— 08 logs 8

= (logs x)(1 4+ 0.774)
= 1.774log: x

Ex: Simplify

a)log; x —Inx

= (logz x)(1 — )

logs e

= —0.099 log; x

Use change of base law (on either log) to make bases
the same

Remember log; 27 is a number (3)

Factor out a common term

Simplify the term in brackets

Re-write

If your calculator cannot find log of bases other than
10 and e, you can always use the change of base law
on the denominator:

log,, 8
1 8=
08s logo 5

= 1.292

b) log; x + log,, y + logg z

logs y 4 log; z
log; 27 logz 9
logsy logs;z
3 + 2

1 1
= log3x+§log3y+§log3z

=logz x +

= logz x +

= log; x + log; y'/3 + log, z1/2

= log, x y/221/?



Log Function Basic and Transformed

Basic Function

A log function is the inverse of an exponential function, and the rule for the basic function is:

f(x) =logcx
wherec #1,c> 0

e Because you can’t take the log of a negative number, this function has a vertical asymptote (at

x = 0 for the basic function)

e Sincelog. 1 = 0, the basic function passes through the point (1, 0)

e Domain of the basic function: 0, o[
e Range: ]—oo, 00|

Ifc>1

_—

(1,0)

fo<ec<1

(1,0)

Transformed Function

Just like all other functions we’ve looked at this year, we can add the parameters a, b, h, and k

f(x) = alog.(b(x —h) +k

wherec#1,c>0,a#0,b#0

e Vertical asymptoteatx = h
e An x-intercept (zero) will always exist.
e Ay-intercept may or may not exist
o If band h have the same sign, no y-intercept
o If band h have opposite signs, a y-intercept exists
e Domain:
o Ifb>0, ]hoof
o If b<O0, ]—oo,h|
e Range: ]—oo, 00|

Ifc>1

at \I. I‘u at a-
I\ +
b- |\ b b-

a- / \ a- a+

fo<c<1

il a-
I IK"‘I b+

\ a+

Sketchingb ) ,// _ ba Logarithmic b- - S~ b+

Function




To sketch a logarithmic function:

e Determine the asymptote

e Determine the direction of the curve and select x accordingly

e (Create a table of values
e Connect the dots

Ex: Sketch the function f(x) = log; x
Asymptote: x =0

w

Ex: Sketch the function f(x) = —logs (—Z(x — 1.5))
Asymptote: x = 1.5

X \ ,
PRy - (3/1) —
i (1) ot
9 2 -3 -2 -1 0 1 2 3
1
2
3

5
Xy
1 4
110
3
0| -1 v
3| -2 2




Finding the Rule of Logarithmic Functions

To find the rule of logarithmic functions, plug in what you know and solve for the remaining variable(s).

Ex: A logarithmic function is sketched below. Find the rule of the function in the form f(x) = log. x

8 f(x) =log.x
6 —4 =log. 16
4 ct=16
2 c= 316
1
4 20 N2 4 6 8 10 1j2 1|4 16 18 c= E
-2
—~ &6, —4)
-4 =
Therefore f(x) = log1 x
& 2

Ex: A logarithmic function is sketched below. Find the rule of the function in the form

f(x) = log.(x — h)

3 Asymptoteat x = —3,s0 h = —3
f(x) =log.(x —h)
B EN!
(3: ) L f(x) =log.(x +3)
1 .
—T 1 =1log.(3+3)
/2 10 1 2 3 4 5 6 1 = log.(6)
{ ! ct=6
2 c=6
-3

Therefore f(x) = logg(x + 3)



Ex: A logarithmic function is sketched below. Find the rule of the function in the form

f(x) =logz b(x — h)

Asymptoteatx = 1,soh =1
4
’_ £(x) = logs b(x = )
s
3 //“,—»f fx) = logs b(x — 1)
2 / 2 =1log; h(2.5 — 1)
1 / 2.9, 2) 2 = logs(1.5b)
/ 32 = 1.5h
1 0 2 3 4 5 6 7 9=15b
-1 6=>b
2

Therefore f(x) = log;6(x — 1)

Additionally, using the laws of logs, both a and k can be integrated into the b term. So when finding the
rule of a logarithmic function, we can always use:

flx) = logc(b(x — h)) *unless specified otherwise in the question.

Ex: Find the rule of the logarithmic function sketched below
Asymptoteatx = 2,so0h = 2
f(x) =logc b(x —h)
Using point (4, 0)
0 =log.b(4—-2)
(4,0) (56, 3) 0 = log b(2)

— : c®=2p
0 20 40 60

‘ ‘ 1=2b

bzz

=2

IX
!
!
|
!
!
!

Using point (56, 3)

1
3= 10gc§(56 —-2)

1
3 =log, > (54)

3 =log. 27
c3 =27
c=3

1
« f() = logs5 (x = 2)



Solving Logarithmic Functions

To solve for y given x, plug in x and solve

*you may have to use a change of base law depending on your calculator

Ex:
a) Solve f(x) = 2.5log, 4(x —2) — 10
whenx =6
f(x) =2.5log, 4(x —2) — 10
£(6) = 2.5log, 4(6 —2) — 10
£(6) = 2.5log, 4(4) — 10
£(6) = 2.51log, 16 — 10
£(6) =25x4—10
£(6) =10 —10
f(6) =0

To solve for x given y:

b) Solve f(x) = 2logs 2(x — 5)
whenx =8
f(x) = 2logz 2(x = 5)
f(8) =2log32(8 - 5)
f(8) =2logz2(3)
f(8) =2logz 6
f(8) =2x1.6309
f(8) =3.2618

1) State restrictions (you cannot take the log of a negative number or 0)
2) Apply laws of logs to write equation as a single log

3) Isolate the log
4) Change to exponential form

5) Solve for x and check against restrictions

Ex:
a)Solve 2logz 2(x +5) =6
Restrictions:
2(x+5)>0
(x+5)>0
x>-=5
2log; 2(x+5) =6
log;2(x +5) =3
33 =2(x+5)
27 =2(x+5)
135=x+5
85=x

fits with restrictions

b) Solve In(5 —x) +In(x —3) =0
Restrictions:
5—-x)>0and (x—3)>0
x<5andx>3
In5—-x)+In(x—-3)=0
In5—-x)(x—3)=0
e =(G5G-—x)(x—3)
1=5x—15—x2% +3x
0=-x?+8x—16
0=—(Cx—-4(x—-4)
x=4

Fits with restrictions



Ex:
a) Solve logx? = logx — 2
Restrictions:
x2>0 andx>0
x>0
logx? = logx — 2

logx? —logx = —2

%2

logz =-2

logx = =2
1072 =x
x =0.01

Fits with restrictions

Ex:
a) Solve logg(2x — 7) = logg(5 — x)
Restrictions:
2x—=7>0and5—-x>0
x>35and x <5
logg(2x — 7) =logg(5 — x)
logg(2x —7) —logg(5—x) =0
2x—=7
5—x
_2x—=7
5—x
1 2x—7
5—x
5—-x=2x-7
12 = 3x

logg

80

x=4

Fits with restrictions

b) Solve log(x +2) =1 —log(x — 1)
Restrictions:
x+2>0 andx—1>0
x>-=-2andx>1
log(x +2) =1—-log(x—1)
log(x +2) +log(x—1) =1
loglx +2)(x—1) =1
10t =(x+2)(x—1)
10=x2+x-2
0=x%+x-12
0=((x+4)(x—-3)
x=—4andx =3

No Yes

b) Solve logs(x + 4) — logz x = log, 4
Restrictions
x+4>0andx >0
x>—4andx >0
logs(x +4) —logs x = log, 4

l x+4_2
083 PR
32=x+4
X
x + 4
9 =
X
9x=x+4
8x =4
x =0.5

Fits with restrictions



Solving Logarithmic Inequalities
To solve logarithmic inequalities:

1) change the inequalities to =
2) use atest point or graph to determine the appropriate interval

Ex: Solve —18logy(—4x) = —9
Solve Sketch
—18loge(—4x) = —9 c>1,a+,b—h=0
—18loge(—4x) = -9

logg(—4x) = 0.5

905 = —4x 5 -4 -3 -2 -1 1 2
3=—4x )
x=-4/3 £
Test Point B
c¢>1,a+,b—,h = 0sodomain: |—o,0[ 4

Testx = —1

o

—18loge(—4x) = —9

[+2]

—18loge(—4 x —1) = —9

—181ogy(4) = —9 7
—11.3567 =0 (Z0.75, 19) -8
FALSE 9

-10

1

3
~ —18logg(—4x) = —9 over [_Z'O[



Ex: Given f(x) = —loggs(x) — 2 and g(x) = log,(2x —4) + 3
Determine the interval over which f(x) > g(x)
—logops(x) —2 =log,(2x —4) + 3
—logos(x) —logs(2x —4) =5
logos(x)™! —logs(2x —4) =5

logs x| o (2x—4) =5

log, 0.5 08412% -

log, x~1

g4—1 —log,(2x —4) =5
)

—2log,x ' —log,(2x —4) =5
log, x? —log,(2x —4) =5

log, — — &
OB4oy 4"
2
45 =
2x — 4
2
1024 =
2x — 4

2048x — 4096 = x?2
0 = x* — 2048x + 4096
USE QUADRATIVE FORMULA TO SOLVE

B 2048 + \/20482 —4(1)(4096)
*7 2(D)
x = 2045.996 and x = 2.002

SKETCH TO SOLVE

f(x) > g(x) over ]2,2.002[ U ]2045.996, oo[



Solving Exponential Functions Using Logs

When you have an exponential function and you are trying to solve for the exponent:

1) Isolate the base and exponent

2) Write in log form if possible, or take the log of both sides

3) Apply laws of logs and solve
Ex: Solve the following
a) —30(0.9)%%* + 15 =0
—30(0.9)%5* = —15
(0.9)%5* = 0.5
loggo 0.5 = 0.5x
6.5788 = 0.5x
x = 13.1576

€)2x4**34+6=5%+6
2 % 42%=3 — £X
log(2 x 42%73) = log 5*
log 2 + log42*~3 = xlog 5

0.301 + (2x — 3)(log 4) = 0.699x
0301 + (2x — 3)(0.602) = 0.699x
0.301 + 1.204x — 1.806 = 0.699x

0.505x = 1.505

x = 2.9801

b) 42x—3 = 5X
log 4%*73 = log 5*
(2x —3)log4 = xlog5
g g

log 5
log 4)

2x—3=x(

2x —3 =11610x
0.839x = 3
x = 3.5757

Ex: There are 2 types of bacteria in separate petri dishes. When are the populations the same?

Type 1: Initially there are 5 bacteria. The population doubles every week

Type 2: Initially there are 20 bacteria. The population increases by 1% every day.

Type 1: f(x) = 5(2%)
Type 2: g(x) = 20(1.017%)

Where x is measured in weeks

fO) =gx)
5(2%) = 20(1.017%)
(2%) = 4(1.017%)
log 2* = log4 + log 1.017*
x(0.3010) = 0.6021 + 7x(0.0043)
0.3010x — 0.0301x = 0.6021
0.2709x = 0.6021

x = 2.22 weeks



Finding the Inverse of Exponential and Logarithmic Functions

To find the inverse of a logarithmic function:

1) Swapthexandy

2) Isolate the log
3) Write in exponential form

4) Solve fory
Ex: Find the rule of the inverse function

a) f(x) = logx

o)f(x)=—-2In—-(x—-2)+4
x=-2In—-(y—2)+4

x—4
-2
e

=In—(y—2)
4
e-2=-(y=-2)

x—4

—(e-2)=y-2
y=—(e%>+2

x—4

flx) =- (e—_2> +2

b) f(x) = 4log[2(x +5)] — 2
x =4log[2(y +5)] -2
X+ 2

4
x+2
1052 = 2(y +5)

1 1
E(101("”)) —y+5

= log[2(y + 5)]

1
- 3fe)-

fix) = %(10%("”)) ~5



To find the inverse of an exponential function:

1)
2)
3)
4)

Ex: Find the inverse of the following functions:

Swap xandy

Isolate the base and the exponent
Write in exponential form

Solve fory

a) f(x) = —2(10)***

x = —2(10)7+2

X
__2 — (10)y+2
X
y + 2 == 10g10 (__2)

y = logyo (_iz) -2

70 =logag (55) - 2

b) f(x) =2 (5)** "D +6

1
x=5(5207 +6

X~ 6= (570°D

2(x — 6) = (5)20-D
2(y — 1) =logs 2(x — 6)

1
y—1 =Elog52(x—6)
1
y=zlog52(x—6)+1

Sy = L _
f~H(x) 2105_;5 2x—6)+1



One More Complication (annual interest rate compounded monthly)

Using our original equation, we can change time to fit interest rate (so both are annual, for example),
but we don’t know how to resolve the fact that the compounding period is different than the interest
rate period.

So we need another formula:

nt

a=p(1+ Z)
Where:
Ais final amount
P is principal (starting amount)
ris annual interest rate as a decimal
n is the number of compoundings per year

tis time in years

Ex: You want $10 000 to buy a used car in 3 years. You will invest money in an account earning an
annual interest rate of 3.5% compounded monthly. How much do you need to invest to have the money
you want?

r nt
A=P(1+E)
0035 12%X3
10000=P(1+'1—2>

10 000 = P(1.0029)36
10 000 = P(1.10988)
9009.98 = P
Therefore, you should invest $9009.98.



